We discuss the question in the title employing manifestly covariant Baryon Chiral Perturbation Theory and recent high-statistics lattice results published in [1] .
I. INTRODUCTION
Lattice Quantum Chromodynamics (LQCD) has now reached the point where fully dynamical results for nucleon structure observables are available for quark masses almost corresponding to the physical pion mass M π ≈ 135 MeV (for recent reviews, see [2] [3] [4] [5] ). For some, but not all of these quantities, also results extracted from phenomenology exist, and it is crucial to compare the lattice results with the experimental results, in order to judge the reliablility of LQCD predictions for such quantities which are not easily accessible in experiments. For some observables, for example the axial coupling constant g A of the nucleon, and the moment x u−d (isovector quark momentum fraction) of the nucleon, there is substantial tension between the experimental and the lattice outcome. For the latter quantity, which is the topic of the present article, we refer in particular to the very recent results and discussion in [1] .
The quark mass dependence of hadron observables is given by Chiral Perturbation Theory (ChPT) [6] [7] [8] [9] , the low-energy effective field theory of QCD. It has often been used to extrapolate lattice data employing quark masses larger than in the real world down to the experimental point. Moreover, the dependence on the spatial volume L 3 of the lattice can also be calculated within the same theoretical framework. This was first demonstrated in the purely Goldstone-bosonic sector [10] [11] [12] , and later extended to the one-baryon sector [13] [14] [15] [16] [17] [18] . We work in the so-called p-regime where the counting scheme is set up such that
, where p denotes a small quantity like a (pseudo-)Goldstone boson mass or momentum. It has become a common rule of thumb that one should have M π L 4 in order to have the finite volume corrections under theoretical control in this regime [19] [20] [21] [22] (for the case of the pion mass at two-loop accuracy, [23] gives a lower bound of M π L 2 for the applicability of the p-regime). On the other hand, there is a long-standing debate in the literature about the range of applicability of the chiral extrapolation formulae given by (twoflavor) Baryon Chiral Perturbation Theory (BChPT) in terms of the quark masses or M π , see [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] for relevant references. The opinion most generally shared today seems to be that earlier applications of BChPT formulae to lattice results for pion masses M π 500 MeV
were not under sufficient control for a reliable extrapolation to the physical point, while
(citing the review [31] ) "it is fair to say that chiral extrapolations of nucleon properties can be trusted for pion masses below ∼ 350 MeV". Of course, such statements will also depend on the particular channel or observable one is considering, on the chiral order (accuracy) of the calculation, and on the available information on relevant low-energy constants (LECs) from other sources. Moreover, in a finite spatial volume L 3 , the pion masses should not be smaller than ∼ L −1 in order to stay in the above-mentioned p-regime.
In this work, we will study the chiral extrapolation and the finite volume corrections of lattice results for the moment x u−d of the nucleon (for the pertinent definitions and conventions, see e. g. [1, 2, [36] [37] [38] [39] ). First, in Sec. II, we neglect the finite volume corrections, and use a truncated version of the full one-loop expression for x u−d (M π ) to test the stability of the chiral fits with respect to a variation of supplemented terms of leading two-loop order (O(p 4 )). Encouraged by this first test, we apply the formulae derived in [38] [39] [40] (in the general setting of manifestly covariant BChPT [41] ) to a more complete data set, and examine the finite volume corrections together with the chiral extrapolation in the pion mass in Sec. III, in three different fit scenarios. The plots in Fig. 7 illustrate our main results, corresponding to the fit parameters tabulated in Tab. VII. We discuss our findings in Sec. IV, from two perspectives:
• The standard perspective, most commonly found in the literature, where lattice data at unphysically large quark masses is connected to the region of low quark masses by means of a chiral extrapolation, and compared with some known experimental value, and
• from a perspective where it is assumed that the experimental value is unknown, and
where ChPT is applied to test the internal consistency of the lattice data, in particular for quark masses close to the physical values.
With the example of x u−d at hand, we shall demonstrate below that, from the second perspective, BChPT can play an important role for future lattice simulations, as an indicator of the possible presence of uncontrolled systematic errors inherent in the data, even if there are data points at (nearly) physical quark masses and large volumes. Finally, we try to give a well-founded answer to the question posed in the title in our concluding Sec. V.
II. STABILITY TEST OF CHIRAL FITS FOR x u−d
The chiral expansion of x u−d to O(p 4 ) in BChPT reads [38, 39, [42] [43] [44] [45] [46] [47] 
For the LECs occuring in the leading-one-loop calculation we have used the nomenclature of [38] , while at O(p 3 ),l 1 is a combination of the LECs l 1,n , n ∈ {6, [24, 30, 48] .
In the following, we want to test the stability of the fits to lattice data employing the one-loop ChPT expressions for x u−d , with respect to variations of subleading (two-loop)
order. To do this, we generate a large set of random numbers for {k 1 , k 2 , k 3 } and fit the three free one-loop parameters a For Eq. (1), this amounts to the constraint that |k i | 2. To get a robust estimate for possible higher-order effects, we will allow for a range −4 < k i < +4 for the random number sets.
We have yet to specify some input: For ∆a v 2,0 , we take the same value as used in [38] , which is consistent with information on x ∆u−∆d (compare e.g. [5] for a recent overview).
The value of g A in the chiral limit is not well known, and we simply substitute the phenomenological value here [50] . The nucleon mass in the chiral limit is inferred from Tab. B.4 of [33] , while the pion decay constant in this limit is taken from Tab. 1 of [51] . In the fit marked with a prime, the last point at M π ∼ 490 MeV has been dropped.
The cyan bands in the plots below consist of 10 3 fits with prescribed random number values and the resulting bands from fits 1 and 1' are quite different indicates that there is already a non-negligible sensitivity to uncontrolled higher-order effects for M π ≈ 500 MeV. But also note that there are only five available data points for three free parameters in fit 1'.
Moreover, the convergence properties are problematic for this fit class, see below.
In the fits of type 2, we also include the phenomenological value taken as x phen.
u−d = 0.155 ± 0.005 (following [56] , see also [2] for a collection of values and references). However, we still exclude the point at M π ∼ 150 MeV. The following Tab. III displays the results for those fits with k 1,2,3 = 0. In the fit marked with a prime, the last point at M π ∼ 490 MeV has again been dropped. The inclusion of the experimental point greatly stabilizes the fits. It is striking that the value at M π ∼ 150 MeV always lies outside the generated bands. Of course, finite volume effects might play a role here -see Sec. III for a discussion of this issue.
Please also note that the fit curves lying close to the borders of the bands correpond to extrapolations with two-loop contributions which are quite large relative to the expectation from the chiral power counting, so the present way of quantifying the uncertainty in the extrapolation can be regarded as conservative in this respect.
In an attempt to determine the LECs and their uncertainties, it makes sense to include the physical point. Collecting the resulting fit parameters for 10 
We add some remarks on the convergence properties of the chiral expansion. For M π = 200 MeV and the parameters from Tab. II and III, Here the superscripts in round brackets denote the chiral order. It appears that the expansion converges well in the low-energy region except for the parameters from fit 1', for which no convergence is observed even at the physical point. On the one hand, this fit cannot be ruled out, since the fit parameters are still of natural size. But on the other hand, it is not very meaningful as already remarked above, because the included data points do not sufficiently constrain the three free parameters. In Fig. 4 we show plots for x
(red) and x
,0 (black, dotted) for fit 2 and 2'. It seems that the application of the one-loop approximation becomes problematic somewhere between M π ∼ 300 . . . 450 MeV. This is in accord with our findings in Sec. VII of [34] for the case of baryon masses, and with the general expectation stated e.g. in [31] . The plotted curves also demonstrate that it is illegitimate to neglect the M for this fit class,
This pattern is similar to that for fit 1 . Including some more data points from other collaborations (the LHPC point of [54] in the large volume (red) and the two RBC points of [57] for M π < 500 MeV (orange)) does not change the general picture established above, observe that the picture remains qualitatively the same as given in Tab. IV above, when 
III. FINITE VOLUME ANALYSIS
As was mentioned in the foregoing section, the data point at M π ≈ 150 MeV always lies outside of the generated stability bands, which could be due to several systematic errors inherent to every LQCD simulation. In this section we want to analyze how large the finite volume corrections to x u−d are and whether they can explain the discrepancies that were found in [1] (see also [58] for a consistent measurement with somewhat larger error bars). We utilize the full one-loop finite volume corrections calculated in [40] and the input parameters from Tab. I. The LECs l 1,n used in [39, 40] are set to zero for n = {1, 3, 6, 7, 8, 13, 14, 15, 16}
and the combination (l 1,18 + l 1, 19 ) is treated as a free fit parameter we call l 1,18+19 . This is an allowed prescription at the order we are working, because there is only one free parameter
To the same order p 3 in the chiral counting, we then find that this parameter can be related tol 1 from the previous section as follows:
For the finite volume analysis, and the comparison with the results of the previous section, we focus on the data set published in [1] . In this work, particular care has been taken to discriminate the ground state signal from excited state contributions, which is known to be very relevant for x u−d [56, [59] [60] [61] [62] . Just like in the previous section, we explore three different scenarios: in fit scenario 1 fv we fit all data with 200 MeV < M π < 500 MeV and in fit scenario 2 fv we include the experimental point at M π ≈ 135 MeV. In fit scenario 3 fv we fit the lattice data including the point at M π ≈ 150 MeV. The fits marked with a prime are variants where the last data point at M π ∼ 490 MeV is excluded. We add the three points from the RBC and LHPC collaborations [54, 57] also used for the fits of Figs. 6(a)-6(c). We find that, for scenarios 3 fv and 3 fv, the LECs a As was mentioned in the introduction, all finite volume formulae obtained from ChPT in the p-expansion are valid for M π L 1 [23, 52] . It stands to debate whether M π L ≈ 3.5
is already large enough for a legitimate application of these p-expanded finite volume formulae. Investigating this question would exceed the limits set for this analysis though.
Note that no significant finite volume effects in the data were observed in [1] , in agreement with the findings of [54, 56, 57, 63] and with the outcome of our fits presented above.
It is noteworthy that, at the lowest pion mass, the central value for x u−d is smaller in the small volume M π L ∼ 2.77, compare Tab. I of [1] (within error bars, the shift due to the different volumes is consistent with zero). In Fig. 8 , we show the finite volume shifts
for three fixed values of M π L, as a function of M π , for the three fit scenarios 1fv − 3fv. As can be seen, these shifts scale as ∼ M 
IV. DISCUSSION OF RESULTS
The three fit scenarios studied in Secs. II and III correspond to three different ways of using the BChPT formulae. From the point of view of lattice practitioners, our scenarios 1(fv) and 3(fv) correspond to the natural way the formulae are applied: Fitting to the lattice data input, it is checked whether the value of the observable at the experimental point can be predicted from the extrapolation. From our fit 3fv, where the full data set including the point at the nearly physical mass (M π ∼ 150 MeV) of [1] is inserted, we have to conclude that this is not possible. The chiral extrapolation together with the extrapolation to L → ∞ is unable to reconcile the lattice data with the phenomenological value: The finite volume corrections are much too small to allow for a downward shift of the value at the lowest lattice pion mass, sufficient to come close to the experimental result. Excluding the low-mass point, we arrive at fit scenario 1fv, where it seems that the opposite conclusion is true -here, the extrapolation returns the phenomenological value to a satisfying degree of accuracy. This is the situation already encountered some years ago [38, 53, [64] [65] [66] [67] [68] and therefore nothing new (note, however, that previous applications of the BChPT framework to x u−d were only accurate at O(p 2 ), since the M 3 π term was either neglected or taken with a fixed coefficient ∼ ∆a v 2,0 , a v 2,0 ). There are pitfalls here, however: The fit result may depend considerably on data points for relatively high M π , where the one-loop chiral representation is not reliable any more in a strict sense, as is shown e.g. by the broad band in fit 1 of Fig. 1 , the convergence behavior illustrated in Fig. 4 , and the fit results for scenario 1 in Sec. II. Moreover, it is not clear whether the data points with M π L < 4 can be adequately described with a finite volume formula employing the p-regime counting. Nonetheless, it is interesting to see that the instability observed for fits 1, 1 in Sec. II is eliminated in fit 1 fv, where the additional constraints on the finite volume behavior (as measured on the lattice) are built in. Needless to say that, for a more reliable extrapolation of lattice data, it is certainly necessary to include more data points from large volumes and Quark Model (CSQM) [69, 70] , see Fig. 3 of [71] . Up to a constant shift, the extrapolation curve in this model strongly resembles the expected behavior of the BChPT result (like our fits 1,2). The same is true for the nucleon mass m N (M π ) in the CSQM [72] .
expected chiral extrapolation without taking into account further systematic corrections.
For example, it has been pointed out in [1] that the effects due to the finite lattice spacing a are not fully under control. Such effects are not grasped by our present extrapolation formula either, so this is certainly a reasonable direction of further investigation. Furthermore, it has been pointed out in [60] that effects due to excited states tend to be larger for smaller pion masses. Considering the apparent problems due to the lowest-mass data point of [1] , we think that even though the problem of excited state contamination has been carefully studied in that work, one should thoroughly continue this route of investigation. Comparing with results for nearly-physical pion masses of other collaborations, we remark that ETMC
[58] finds a value for x u−d consistent with the one of [1] , while LHPC [56] obtains a result consistent with the phenomenological value, though with less statistics than achieved in [1] .
From the point of view of effective field theory, the experimental result is just another data point in addition to the lattice data, with M π ∼ 135 MeV and L → ∞, and it is interesting in itself to study the functional form and properties of the chiral extrapolation and the values of the LECs using this experimental result as a constraint. The determination of the LECs can be useful in the study of other observables, or for a combined fit to several different nucleon structure properties. It also allows to assess the region of applicability of the BChPT formalism, which is also a much-debated topic in the literature on effective field theories [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . For our fit strategy 2 corresponding to this philosophy (related to the first perspective on chiral extrapolations mentioned in Sec. I), we find a remarkable stability of the functional form of the extrapolation, compare e.g. the results of fits 2 and 2 in Tab. III, and also the result of fit 2fv and 2 fv including finite volume corrections (Tab. VII). In particular, the comparison shows that we could obtain a rough estimate of the finite volume effects already from the fits 2, 2 of Sec. II, where only the largest volumes were included.
The pion mass dependence is also under control for these fits, as can be seen from the comparison of the full one-loop form (for L → ∞), employed in Sec. III, with the truncated expansion of Eq. (1). This is illustrated in Fig. 9 , which demonstrates that higher-order terms of O(p 4 ) contained in the full unexpanded loop functions become important only for In our analysis, we have applied the framework outlined in [38] [39] [40] , where a field corresponding to the ∆(1232) resonance is not included as an explicit degree of freedom. For studies where this resonance is included explicitly, see [66] [67] [68] . It is non-trivial to include the ∆(1232) in manifestly covariant BChPT due to problems with the power-counting scheme, and the presence of additional unphysical degrees of freedom in the covariant description of higher-spin fields (s ≥ 1). For a discussion of these issues we refer to [73] [74] [75] , and references cited therein. Working at O(p 3 ), having three free fit parameters at hand, we expect that, for fixed delta-nucleon mass splitting and sufficiently small pion masses, the extrapolation would only be mildly different when including the ∆ field, as the effects due to the resonance can mostly be absorbed in the coefficients of the local interaction terms. A conclusion pointing in this direction can also be inferred from the results of Ref. [68] . But still, this point clearly deserves further study.
V. CONCLUSION
Baryon Chiral Perturbation Theory can be used to study the chiral extrapolation of x u−d , but it should be applied with great care. In our opinion, one should make sure that:
(1) Higher order corrections with a reasonable strength do not alter the resulting extrapolation curve dramatically, (2) the convergence properties of the expanded extrapolation formula are at least roughly in accord with the expectations from chiral power counting, As an extension of the extrapolation framework used here [38] [39] [40] , one should consider the effects due to the ∆(1232) resonance along the lines of [73] [74] [75] . On a level of higher accuracy, also isospin-breaking corrections should be incorporated. Additionally, a combined fit of several nucleon structure functions should finally be undertaken. Only then, the full strength of (B)ChPT comes into play, yielding relations between different observables imposed by chiral symmetry (and other symmetries of the strong interaction). Finally, we would like to mention that the analogues of the moment x u−d for the full baryon ground-state octet (the form factors A 20 (t) at t → 0, for all combinations of baryon states and flavor structures of the operator insertions) have also been calculated in (three-flavor) BChPT at leading one-loop order [76, 77] .
